A formula is derived from which one can obtain a family of two-sided inequali-Ž n r . 1r r ties involving the elementary mean values Ý w x . In particular, one member 
Ž .
A x and similarly for the other means when there is no risk of confusion. Furthermore, Ý will always mean Ý n , and the operators max and min will 1 always be taken over all subscripts from 1 to n. w x In 1978, D. I. Cartwright and M. J. Field 2 proved the following sharpened form of the arithmetic mean᎐geometric mean inequality:
Ž . The proof of 2 followed lines similar to that of 1 . These proofs involved induction on n combined with a novel application of the Lagrange multiplier method. Ž Ž .. Our purpose here is to derive a formula see 5 that, for example, gives immediately the pair of inequalities:
If we take l s 2, r s 1, and let s ª 0 in this we get
Ž . Ž . The right-hand inequality here closely resembles 1 and 2 . However, as Ž . we shall see, the last member in 4 is not comparable to either of the last Ž . Ž . members of 1 or 2 . We now derive the formula that provides inequali-Ž . Ž .
where Note. Throughout this note we assume that all of the x are positive, but k in fact, for the truth of the lemma, this assumption is unnecessary. We should also mention that the special case of the lemma in which g is the Ž Ž . 2 . w x function e where e x ' x was proved in 3 . The proof of the general 2 2 case above is quite different from the earlier one, which appears to be limited to that special choice of g. Ý w x y Ý w x
Ž . Ž .
r r s Ž . We now use the lemma to deduce 3 . Taking f x ' x and g x '
